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ABSTRACT: We construct the Lagrangian of the N’ = 1 four-dimensional generalized su-
persymmetric Nambu—Jona-Lasinio (SNJL) model, which has N' = 1/2 supersymmetry
(SUSY) on non(anti)commutative superspace. A special attention is paid to the examina-
tion on the nonperturbative quantum dynamics: The phenomenon of dynamical-symmetry-
breaking/mass-generation on the deformed superspace is investigated. The model La-
grangian and the method of SUSY auxiliary fields of composites are examined in terms of
component fields. We derive the effective action, examine it, and solve the gap equation
for self-consistent mass parameters.
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1. Introduction

Field theories on noncommutative spacetime defined by the Heisenberg algebra [z#, z"] =
iOHY = () have various interesting properties [, f], and considered that they might capture
important aspects of quantum gravity. Recently, it was shown that, low-energy effective
descriptions of four-dimensional superstrings in the self-dual graviphoton background fields
F8 (with setting anti-self-dual part F B — 0) give the deformations of superspaces [B,
(in a ten-dimensional case, see ref. [f, f) as N =1 — N = 1/2, with giving

{62,605} = 20/ FP, (1.1)

Here, o is the inverse of a string tension. Motivated by these examinations, various
physical and mathematical aspects of the deformation of superspace obtained much at-
tentions [[J—[RJ. Under this context, supersymmetric (SUSY) Euclidean field theories on
non(anti)commutative superspace were first considered in ref. [ff]. The /' = 1/2 deformed
Wess-Zumino (WZ) model [, (1], [2, BI] and deformed SUSY gauge models with(out)
matter [fi, [L0, [L3, 4] were examined by several works, and the preservation of the local-
ity, Lorentz symmetry and the renormalizabilities of all orders in perturbative expansions
in these models were proved [[J. It was also shown in refs. [[LT, [[J] that the chiral su-
perpotential of the WZ model obtains quantum radiative corrections while the antichiral
superpotential part of it obeys the nonrenormalization theorem by the perturbative anal-
yses. By the quantum dynamics of itself, the WZ model gets a term which is not included
in the classical deformed action of it [[[1, [2, RT]. The methods to construct generic sigma
models both on N' = 1 four-dimensional and N/ = 2 two-dimensional deformed superspaces
were proposed, and the component field expressions for them were derived [[§]-[19]. Until



now, various examinations were performed under the classical or perturbative quantum lev-
els. Hence, it is interesting for us to examine nonperturbative effects of quantum dynamics
of a model on a deformed superspace.

In this paper, we investigate a nonperturbative quantum dynamics in a SUSY model
on the N' = 1/2 four-dimensional non(anti)commutative superspace. Of particular inter-
est in here is the phenomenon of dynamical symmetry breaking of the mass generation
of the BCS-NJL mechanism (Bardeen, Cooper, Schrieffer, Nambu and Jona-Lasinio) [-
RH]. Until now, there is no attempt for an investigation of the nonperturbative dynamical
mass generation in literature. We introduce an N = 1 four-dimensional supersymmet-
ric Nambu—Jona-Lasinio (SNJL) model [2G-[BI], regarded as the simplest example which
might realize the dynamical symmetry-breaking/mass-generation, and examine the charac-
teristic aspects of the model on the deformed superspace. The nonrenormalization theorem
in the N/ =1 case forbids the dynamical break down of chiral symmetry by the mass gen-
eration, while it can take place when A/ = 1 SUSY is completely broken by introducing a
non-holomorphic soft-SUSY-breaking mass [P]-[BI]. Because the nonrenormalization the-
orem is partly broken in the A' = 1/2 superspace, it is interesting for us whether the SNJL
model gets a dynamical mass radiatively or not. In section II, we summarize the definitions
and algebraic properties of the deformed superspace. The SNJL model in the deformed
superspace will be examined in detail in section III. The method of SUSY auxiliary fields
of composites on the deformed superspace is investigated. The one-loop effective action in
the leading order of the large-IN expansion will be evaluated by the superspace formalism,
and the gap equation for a self-consistent mass will be derived and solved. The comments
on further investigations for our method are given in section IV.

2. Superfields on non(anti)commutative superspace

First, we summarize several algebraic definitions of N/ = 1/2 four-dimensional
non(anti)commutative superspace for the preparation of our calculations given later. The
notations and spinor conventions follow both ref. [[i] and the textbook of Wess and Bag-
ger [BZ. The (anti)commutation relations for bosonic coordinates x* and fermionic coor-
dinates 6, 0% (a, & = 1,2) are required to satisfy the following relations:

{6%,0°} = 0P = CP> #£ 0, (2.1)
(64,09 = {0%,0°) = [§%, "] = 0. (2.2)

C°8 are the deformation parameters of superspace. Hence (§%)* # 6%, they are independent
with each other. At this stage, the Lorentz symmetry SO(4) = SU(2) xSU(2)g is explicitly
broken to SU(2) g at C*? # 0. Due to this fact, we have to work in the Euclidean spacetime
R*, though the Lorentzian signature n* = diag(—1,1,1,1) is used throughout this paper.
Any functions of  have to be ordered, and we use Weyl ordering: (0%6°)y = %[90‘, 0% =
—%60‘590. For example, 00 is Weyl ordered. The anticommutator (R.1)) of the Clifford
algebra gives nontrivial results compared with the ordinary N' = 1 SUSY case. Clearly,
the Hermiticity of a theory was lost, and the unitarity might be violated in a field theory



on non(anti)commutative superspace. Thus, a potential energy could become complex and
it would give an unstable vacuum of a theory. However, it was proved that the vacuum
energy vanishes in the deformed WZ model because the notion of anti-holomorphicity
remains in the part of its antichiral superpotential, and this fact makes its vacuum stable
and vanishes the vacuum energy [[[J, [J]. This situation might be true in a model which
has an antichiral superpotential. From these exotic characters, it is particularly interesting
for us to generalize several methods of quantum field theory to cases on the deformed
superspace.
The chiral coordinates y* are defined as

Yt = 2t +if%o" 0%, (2.3)
while, the antichiral coordinates y* are given as follows:
gt =yt —2i0%" 0% = 2* — it 6. (2.4)
Several commutators are summarized below:

W',y = " 5" = ", 0% = [y, 0%l =0,  [§", "] = 460C",
[0#,0°] = iC%Poh 0%, [at,a¥] = 0OCH, M = O%eq, (o)) = —CVI. (2.5)

These commutators make the structure of the deformed superspace more clearly. Due to
the commutation relations [y#,y"] = 0, the supercovariant derivatives can be chosen so as
to satisfy the Leibniz rule, then it is possible for us to define a chiral superfield on the
deformed superspace [[J]. As a consequence, the deformed superspace will be parametrized
by a set (y,6,0) as coordinates in the chiral basis. We have to keep this fact in mind to
perform any computations of quantities given by (anti)chiral superfields on the deformed
superspace. The supercovariant derivatives and the supercharges are defined by

0 — 0

=9 L gign o —_9
D, = 500 + 2io,, ;0 g’ Dy = 50 (2.6)
and
0 — 0
o« = —, L= —— + 2i0%" — 2.
respectively. Clearly, they satisfy
0= {DomDﬁ} = {ﬁaaﬁg} = {Danﬁ}
= {Da, Qp} = {Da,Qp} = {Da, @} = {Qa, Qs},
_— w9
{Dg, Dy} = 2wadayu’
@4, Qu} = 200ty 00
arywaS — aday“’
0.0 B 1 0
{QaaQB} = —4C Uadgﬁﬁw- (2.8)



Any products of Weyl-ordered functions of # have to be Weyl re-ordered, and it is
implemented by the star product:

o8 5 7
F(0.0) % 9(5.0) = (.6) exp(—c—ii)g@,e)

2 00~ 908
CcoB 9 0
_ degf™~
f(y,9)9(y,9)+( 1) 5 5ga’ W 0) 5059, 0)
0
where,
o @B 9 9 1

The derivatives 60% should apply at fixed y*. From the definitions given above, one finds

af
0% x 0° = ——90 + CT 0% %00 = C*P05,  00% 0% = —-C0p,
- ~ 1
00 %00 = —detC, 00”0 % 00”0 = — 00090 — 0“"99 (2.11)

Because of the commutator [/, 7] = 400C** # 0, the definition of the star product (R.9)
is applicable when f and ¢ are given as functions of only v, 8 and 6. For a star product of
f(,0) and g(3, ), the following re-expression,

— =

F0.0)+(0.0) = F(0.8)exp (2000 228 Yo(3.6) (2.12)

is also useful.

Because @, have 6%, they do not commute with the star product: @, are broken
generators. In other words, the ”translation” symmetry of £%-directions are explicitly
broken, and we must choose the point of the direction for constructing a field theory. On
the other hand, ), are not broken generators, hence the deformed superspace is called as
N = 1/2 superspace. The definition of a chiral superfield ® is

B(y,0) = d(y) + V20U (y) + 00F(y),  Da® = 0. (2.13)
Hence ®(y, #) has the Weyl-ordered form. An antichiral superfield ® is defined as follows:
®(5.0) = 6(y) + V200 (5) + 00F (), ~ Da® =0. (2.14)

Because ®(7,0) includes 7, it has to be Weyl ordered. It will be written in the chiral
coordinates y* under the Weyl-ordered form as a function of 6:

O(y,0) = ®(y — 2i000, é) (2.15)
= B(y)+ V200 (y) +00F () +/26{ic" 0,1 ()00 —iv/ 2080, b(y) } + 000005 (y).

On the deformed superspace, ® and ® are independent with each other: ((I>)T # ®. From the
preservation of chiralities in both a chiral and an antichiral fields on non(anti)commutative



superspace, we should utilize the chiral projectors for a variation of (anti)chiral superfields,
in perturbative and nonperturbative calculations, so forth, as same as the ordinary N' =1
case.

A star product of (anti)chiral superfields is again a (anti)chiral superfield. For example,

O1(y,0) * a(y,0) = D1(y,0)P2(y,0) — C° (1) (y) (¥2)5(y) — det CFy(y) Fa(y)

+V2C05](1h1)a(y) Fa(y) — (2)a(y)F1(y))], (2.16)

B1(7,8) x B(5,8) — (7, 8)Bs(7,8) + Q%CW@%‘T’“% 9)8%&)2@, 9), (2.17)
D1 (y,0) x Pa(y,0) = P1(y — 2i000,0) x Pa(y, 0) o

= ®(y — 2i000,0) exp (—?%%) Do (y, 0). (2.18)

Any products of (anti)chiral superfields do not commute by the non(anti)commutativity,
D1 x Py #£ Dy x Py, etc., there are ambiguities to construct a Lagrangian in terms of
products of chiral superfields. In this paper, we will use the symmetrized star products
between (anti)chiral superfields themselves defined as follows [[L5, [Ld]:

1

Prx Py & Pplsym = —'(<I>1 * ®g x - -« x &, 4 permutations), (2.19)
n!

L _ 1 - _

Prx Py & Pplsym = —'(<I>1 * g x -« x &, 4+ permutations), (2.20)
n!

and then
1

Dy ko ke Dilgym * Piq Kok Py fgym = (®1 % - - - x &; + permutations)

il(n —1)!

X x (®;11 % -+ - % @, + permutations). (2.21)

These symmetrized products could be interpreted as a kind of ordering in terms of
(anti)chiral superfields. There are a few choices of symmetrization, namely, taking the
symmetrization between a chiral and an antichiral parts of a product or not, and in gen-
eral the difference of choices gives different results of their component field expressions [[L],
though at least in the model Lagrangian we will consider in this paper, there is only a dif-
ference of a numerical factor. For example,

1
P, *(I)2|sym = 5(@1 * Py + @2*¢1)

0
= ¢1¢2 — det O%QI%Q

o 1 - o
<I>1*(I)2|sym = 5((1)1*<I>2 —I—q)g*q)l) =01 0,. (223)

5= P10y — det C(Q°D1)(Q*®2), (2.22)

Hence, the deformation will modify an action functional of a theory through a prod-
uct of chiral multiplets. There is no contribution coming from the deformation in a
symmetrized product of antichiral superfields, because C* = —C¥#. Fortunately, such
Lorentz-symmetry breaking parameters are explicitly removed from a theory under the
symmetrization in the superfield level, and a theory includes the deformation parameters

only in the Lorentz-scalar form det C, in spite of the Lorentz-symmetry breaking relation
defined in eq. (R.)).



3. The generalized supersymmetric Nambu-Jona-Lasinio model

3.1 Symmetries and structure

We employ the following U(N)p x U(N)g-invariant Lagrangian of an N' = 1 generalized
SNJL model on the four-dimensional deformed superspace:

L(C) = [K(@i, %)} =rLo+ M) + P o), (3.1)
0060
E() = |:q) *q)+ —|—q) * D _ :| = |:q)+q>+ + q>_q)_:| s (32)
0600 0060
£$1) (O) = % |:q>+ * q> |sym * q>+ *P_ |sym:| K
0000
G
= Wl[qmp <<I>+(I>_—detC(Q2 )(Q2CI>_)>] (3.3)
06006
(2) G2lid 5. 1® 4
ﬁ[ (C) = m (@4.*@4_+q)_*q)_)*(@+*q)++q)_*@_) i (34)
6060

_ f_]\i {(q>+q>++q> b ){<1>+<1>++<1> B —det C(Q?® )% —det C(Q2<I>_)2H
06060

Here, K(®4,®.) is the Kihler potential of our model, N is a number of flavor. G; and
Go are coupling constants (G1,Gy > 0) they have mass dimension [Mass]™2, thus this
model is nonrenormalizable under a power-counting analysis in the N’ = 1 case. In the
observation of the WZ model, the operators coming from the deformation carry mass di-
mensions larger than four, though they obtain radiative corrections with divergences at
most logarithmically [[[], [J]. This fact is one of the bases of the proof of renormalizability
of the deformed WZ model. We consider that the character of the divergent nature and
non-renormalizability of the SNJL model is unchanged by the deformation. This model
has no superpotential at this stage, and by applying the method of SUSY auxiliary fields of
composites, the model will get (anti)holomorphic superpotentials. The parity symmetry of
spatial inversion is maintained in the form of the Lagrange function in the ordinary N' =1
case [B{, B1]], and the deformation explicitly breaks the symmetry. The global gauge sym-
metry of the theory is chosen as U(1), and ® and ®_ are oppositely charged. According to
eqs. (£.19) and (R.20), the symmetrization of products of (anti)chiral superfields themselves
has been taken in the Kahler potential given above. In the ordinary N'= 1 SUSY theory,
Egl) was prepared for the dynamical generation of a Dirac mass, while 532) is suitable for ob-
taining left-handed and right-handed Majorana mass terms [B0, B]]. Historically, the SNJL
model was first introduced to investigate the phenomenon of dynamical chiral symmetry
breaking in SUSY field theory [2§, BT, and applied to the top quark condensation of elec-
troweak symmetry breaking of the minimal SUSY Standard Model [2§. An SU(N,) SNJL
model was used to describe phenomena of phase transitions in the early universe R9J]. In-

vestigations on dynamical chiral symmetry breaking and (color)superconductivity of SUSY
condensed matter systems were done by (B.1)) at the case of the ordinary N/ = 1 superspace
with a SUSY-breaking mass [B0, B1].



Our model has following (pseudo)symmetries. The global flavor symmetry SU(N ), x
SU(N)gr will be introduced in the theory by the following definitions:

N2-1

Oy —e D, b0, e Dy, b d T, Ti= ) TLTY,
I=1

(3.5)

where, &, (®_) belongs to the (anti)fundamental representation N (V) of SU(N), and
all of T'L are real c-numbers. Thus, the normalization factor T'(f) and the second-order
Casimir invariant C(f) of the Hermitian generators 77 of SU(N) (I = 1,--- , N?—1) satisfy

1 = N?-1 N
0Ty Ty = T(f)ors = 5017, C(f)bi; = > (TiTr)i; = —n % T) =530
=1

(3.6)
It should be mention that, (e""+®. ) # &, e+ in general. If the symmetry of the
unitary group are gauged, the discussion becomes more involved because of the deformation.
Since the BCS-NJL mechanism breaks a global symmetry, the definitions of symmetries we
concern here are enough for our purpose. The Lagrangian has the following global Abelian
symmetries:

Uy : b, -, D e D, e D, DD (3.7)

Ul)g: @p —e%d,, d_—e%d_, O —e D, D_—e d_, (3.8)
where, a, and o, are real. On the other hand, the R-symmetry,

Ur: 0 — e, §— e i, ¢y — e2inorg,

Py — e2i(n—%)ar¢i’ Fy — €2i(n_1)aT'F:|:, (3.9)

was broken by the deformation. The deformation parameters C*? carry a non-vanishing
U(1)g-charge:

CoP — eHargob, (3.10)

In fact, C*? act as R-symmetry-breaking parameters.

Next, we examine the component field expression of the Lagrangian (B.1). In refs. [[L5,
[d], component field expressions for A" = 1/2 generic chiral sigma models on the deformed
superspace were obtained: It is given by a sum of an undeformed part and a deformed part,
and the latter is given as an infinite-order power series of det C' with including infinite-order
partial derivatives of a Kéhler potential taken with respect to scalar fields. We follow the
results of ref. [If], and add the following extra terms of the first-order in detC' to the
undeformed model:

Z 1 PK(¢px,p+) - Z 1 O*K(ps, d+)

Laof(C) = —det C F,F; — —[] —— PP
(€)= =det € 3 ?{ A 06:00,00, 2= N 06,00,00000n

i,j==%

auéka%l}.
(3.11)

k==



In our case, the deformed part of the Lagrangian is given as a function of metrics, connec-
tions and curvature tensors of the Kéhler manifold. With the well-known procedure of the

theory of Kihler manifold, the undeformed part of the Lagrangian (B.1]), £(C = 0), will be
obtained as follows:

L(C) = L(C = 0) + Laes(C), (3.12)
L(C=0) = Z gij+ (F5F; — 0,0;0" s — ;51 0,1))
ij—t
1. - - 1_
+ ) |:9ij*,k* < - §Fi¢j¢)k> + gij*,k< - §Fj¢i¢k>}
ivj k=t
+ Z Gij* k Zwyo'uwkauQSz Z Gij* kl*_(wzwkijl) (3'13)
i,5,k=+ i,k =%

The Kéahler metric of our model is given in the following matrix form:

g= (99 ) = 1+ GW_IQ_S—ﬁb— + Gw_z€5+¢+, %ﬁg—_@r + %Q_ﬁ_@b— (3.14)
G4—* g——» Gopro_+%2o_ ¢y, 1450 +%o_0_, )"

and the notations of the definitions g;;« x = 0gij/Odx, etc., have been used in eq. (B.13). In
the Kihler metric given above, the Hermiticity may be lost, (§)7 # § because (¢+)7 # d1
in general. Obviously, the deformed Lagrangian (B.1]) still has the invariance under the
Kahler transformation:

K@y, 1) — K(®L,®1) + F(Py) + F(Py), (3.15)

where, F (F) is an arbitrarily function of ®. (®.). Now, the Euler equations for the
auxiliary fields are found to be

oL(C _ 1 - -
¢ j==% k=+
1 _ 1 -
—2det CF} <Z Eg]k*’lm(bk + Z agjk*7il*au¢k8“¢l>] )
k== k=%
1
= Z gji= Fj — 5 Z gjz‘*,k*ijk], (3.17)
= k=+

(i = ). From these results, one finds

FY L Vit
(F_) " <w_wk>’ (19

_ Lopy 1 8§T qz-l-&k ATN—1 Itk 4+ G—k* + _
>—§(9) ZT%(&—%>+(9) det C Z( >g¢k

k::l: k?::t g"l‘k)*,_ g—k)*7—

Grk* 1% G—k* 41* 1.1 (LERT
+ ) < ) u¢k3“¢l] Z 90y (zb_zbk>’ (3.19)

Py N




We find that the auxiliary fields Fi, Fy will be completely eliminated through these Euler
equations in our model without any ambiguities. It is found that det C' enters into four-
fermion interaction terms under quite unusual forms through the elimination of all the
auxiliary fields Fly and F. Thus, the quantum dynamics of the N' = 1/2 deformed SNJL
model might not resemble to the ordinary case, though it is difficult for us to estimate the
strength of the interaction coming from the deformation in the form obtained above.

3.2 SUSY auxiliary fields of composites

In this subsection, we examine the method of SUSY auxiliary fields of composites on the
deformed superspace. In the Lagrangian given in the previous subsection, we have chosen
the form of the Kéahler potential suitable to generate holomorphic and antiholomorphic
superpotentials of SUSY composites. Our model Lagrangian (B.]]) will be rewritten in the
following form through the method of SUSY auxiliary fields [R7-[B1]:

L(C)= Lo+ Ly + L1(C)+ L7+ L2(C) + L5, (3.20)
where,
ﬁoE (§+*(I)++<I)_*q)_:| s
L 0600
[N - 4N
Lyg=|=—H~H +—HyxH ,
T=le 7 TGy 2]999‘9‘
[ N
El(C) = Sl* <—H1 _q)+*q)—>|sym:| s
I G 06
- N ) )
Li = |[S1% <—H1 _(I)+*(I)—>|Sym:| ;
I G 09
[ AN
EQ(C) = |59« <—H2—(I)+*(I)+ —(I)—*(I)—>’sym:| )
I Go 96
[ (AN - _  _  _  _
L5 = |Sy* <—H2 — P xD, — D_x <I>_> ]Sym] . (3.21)
I Go a0

Here, the method of SUSY auxiliary fields has been applied under taking the symmetrized
star products. Only £1(C) and L2(C) have contributions coming from the deformation.
Our model has superpotentials with constraints: S;, Si, So and Sy were introduced as
Lagrange multiplier multiplets for the purpose to enforce

G .Gz -
H,y :W1<1>+ *q)—|symy Hy = qu)+*q)—|sym’
G2 7 2/ z = T T
H, :m(q>+*<1>++q>_*<1>_)’ Hz:m(q>+*<1>++<1>_*q>_). (3.22)

H; and H; (i = 1,2) are regarded as SUSY composites. Because the Hermiticity was
lost in our theory, (S;)" # S; and (H;)' # H; in general. Let us confirm the equivalence
of Lagrange functions (B.1) and (B.20) under the symmetrized star products. To convert
the expression of the Lagrangian (B.2()) in the point-product form, we take into account
Q*(Q*®1) = 0. Because det C(Q?S;)(Q*H;) coming from S; * H;|sym do not contribute



to the component form of the holomorphic superpotential of the Lagrangian through 66-
integration, we drop these terms. After performing integrations of 6 by parts, £1(C), L1,
L2(C) and L35 will be rewritten in the forms of ordinary point-products:

ﬁl(C) = gslHl — Slq>+q)_ + det 051(Q2(I)+)(Q2¢_):| ,
LYl 00
(AN

L5(C) = | G- SaHz = $5(®1 8y + D) + det CS{(Q*®,)* + (Q*®_)*}|
L Y2 00
- 00

Ly = sz<@H2 5.5, - q>_<1>_>] . (3.23)

[ "\ G 49

In this expression, it is clear for us that the constraints given in (B.29) are satisfied under
taking the symmetrized star products. After S; and S; were eliminated, (B.20) recov-
ers (B.1). The component field expression of the Lagrangian (B.2()) is found to be:

Lo = FiFy — 0,01.0" by — iy "0y + FLF_ — 0,6 _0"¢_ —ip_c"90p—, (3.24)

N /_ _ -
EH = G—l <FH1FH1 - au(leau(le - Zleo-“aﬂwI—h)

AN [~ - L
& (FH2FH2 — Oudm, 0" Om, — WHzU”am/JHQ), (3.25)
N
L£1(C) = G—1<¢51FH1 + Fs, ¢, — ¢51¢H1>

— (Fsl¢+¢— + o5, Fy - + 5,01 F- — ds, 0 — dyibsip — ¢—¢sl¢+>

+det CFs, F, F_, (3.26)
Li = (L1(C =0)T, (3.27)
£4(0) = 5 (95 Fuy + Posom, — v, ) — (Paa(6d + 2)
+05,(2F L o1 + 2F_ ¢ — hyhy —h9po) — 24hs, (P14 + ¢—w—)>
+det CFg, (F? + F?), (3.28)
Ly = (L2(C =0))T. (3.29)

We observe L(C) = L(C = 0) + det C{Fs, FyF_ + Fs,(F? + F?)}, a sum of ordinary
Lagrangian with deformed part, the result of ref. [l holds in the case of the model with
SUSY auxiliary fields of composites. If ¢g, and ¢g, (Dirac mass) or ¢g, and ¢g, (Majorana
mass) obtain finite VEVs, superfields ®1 and ®1 become massive. The Euler equations

— 10 —



for the auxiliary fields of chiral multiplets are found to be

0= 8§ }f) = Fy — ¢5,0— — 205,04 + det C(Fg, F_ + 2F5, F.),
0= ) = Fu - 65,0~ 23,51,

0= agT(_C) = F_ — ¢g,04 — 205,06 + det C(Fs, Fy + 2Fs, F_),
0= 2D _ 5 656, 2650

0= aaﬁ;g) = Gﬁlqml — ¢rd_ +det CFLF_,

0= 3;;? — o, i,

0= %ET(? = g% —¢2 — ¢% +det C(F2 + F?),

0= 8;;3 — b~ - 3,

0= aaﬁlﬁ;) = Gﬁl(FHl + ¢s,),

0= %ET(HCL) = Gﬁl(FHl + ¢s,),

0= %ﬁFﬁ) = %(FH2 + ¢s,),

0= %ET(Z) = %(FH2 + bs,)- (3.30)

Hence, Fy, Fy, Fy,, and Fy, (i = 1,2) can be eliminated from £(C) in the component

field form.

O,
b,
OH,

&Hz

After the elimination of auxiliary fields through the Euler equations, one finds

G I 1 N 7 N - — —

— Wl <¢+¢_ —det C(pg, o + 25,0+ )(bs, o+ + 2¢S2¢_)>,
G- -

= Wl(b-i-(b—u
Go

TN <¢3 +¢7 — det C{(ds,0- +205,0+)° + (95,64 + 2@32@2}),

_Go g o
= oy (@5 + o). (3.31)

From these expressions, again we have found that the expressions of the constraints of SUSY

composites given in (B.29) are satisfied in terms of the scalar fields. The Lagrange multiplier

multiplets S; and S; (i = 1,2) work well to keep the constraints of SUSY composites, and
guarantee the equivalence of the Lagrange functions (B.1]) and (B.20). It should be remarked
that, (¢m,)" # ¢m, (i = 1,2): The Hermiticity was explicitly lost in the component field
level of the SUSY composites at det C' #£ 0. Now, we find the tree-level potential V;,ce of
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this model (B.20):

N _ _ _ _
‘/troc = _G_1<FH1FH1 +¢51FH1 +¢51FH1 +¢H1FS1 +¢H1FS1>

—% <FH2FH2 + b5y Frry + b5y Fry + ¢, Fs, + ¢_5H2F52>- (3.32)

Thus, from
0= s = o o R
= =G e

one finds that the global minimum of V;,e locates at Fs, = Fs, = Fs, = Fs, = 0. Through
the Euler equations of Fy,, Fy,, Fy, and Fy, given in (B.30)), we find

N - = - 4N - _
‘/treo — ¢H1FS1 + ¢H1FS1 - ¢51¢51) - G_2(¢H2FSQ + ¢H2FS2 - ¢52¢52)

_G_l(
N - 4N -
= G—1¢sl bs, + G—2¢SQ D3, - (3.36)

Here, we have used the conditions (B.35). Thus, from the Euler equations of ¢g,, ds,, ¢s,
and qz_552, one finds Viyee has a global minimum at

¢Sl = (551 = ¢5’2 = &Sg =0. (337)

Obviously, the vacuum energy vanishes at the global minimum. It should be noticed that
Viree at the global minimum is Hermite in spite of the non-Hermitian character of £(C).
At the classical tree-level, the symmetries are not broken spontaneously in our model.
From the discussion given above, one recognizes that Fs, and Fs, may have a special role
to keep the symmetries of the theory unbroken. We will go beyond the classical tree-
level analysis, examine what kind of modifications will happen under the nonperturbatibe
quantum dynamics in the SNJL model, and whether there is a crucial change in the effective
action for the investigation of the dynamical mass generation in the BCS-NJL mechanism.

3.3 The one-loop effective action

In this subsection, we evaluate the effective action at one-loop level [B3, B4], derive and solve
the gap equation for the examination whether the dynamical mass generation takes place or
not in the A/ = 1/2 SNJL model. There are several methods for this purpose. For example,
we can employ the method of SUSY auxiliary fields with the steepest descent technique
for a self-consistent evaluation of composite condensates with superfield or component
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field formalisms of the Lagrangian. Another choice for us is the method of Schwinger-
Dyson equation based on a diagrammatic consideration under keeping star products or after
converting them into ordinary point-products. For introducing the method of Cornwall-
Jackiw-Tomboulis effective action of composites [RF], we have to extend it to the N' =
1/2 SUSY case, and it may have external bilocal sources in superspace as conjugates of
composites with the operations of star products, thus it will demand us to do a complicated
work. We choose the method of effective action of the Lagrangian with SUSY auxiliary
fields in superspace, and perform the large-N expansion (a kind of the steepest descent
technique) in this subsection. It is clear from the Lagrangian (B.20), the contribution
coming from the loop-expansion (except the tree level) does not includes ¢g,, (EH“ Fy,
and F) m,. After @4 and .. were integrated out, the contribution of loop-expansion to the
effective action gives quantum corrections expressed as a function of ¢g,, égi, Fg, and F’Si.

Hereafter, we consider the case Go = 0. The effective action I' of the theory is given
by

r

—iln / [d®.|[dD|[dP_][dP_][dH:][dH1][dS][dS] exp [z / d4y£T}, (3.38)

Lt

‘C(C) + [m¢+ *P_ |Sym] 00 + [mé-i- * (I)—|sym] 00

= L(C) + [m®1®_],, + [mDP P_] (3.39)

06°
Here, £(C) takes the form of eq. (B.20). We have introduced a holomorphic and an anti-
holomorphic mass terms (correspond to a Dirac mass term for fermions in the ordinary
N =1 SUSY case) to make the effective action infrared well-defined [T, B§]. In general,
both m and m are matrices in the flavor space. When the mass terms take diagonal and
flavor-independent forms in the flavor space, they break U(N)z X U(N)g into the diagonal
subgroup U(N)r+r. In the case of deformed superspace, we can take m' # m in general.
The result of component field expression of £(C') given in (B.24)-(B.29) should be kept in
our mind, and calculation will be performed in the similar way to the ordinary N = 1
case [@f@] All of symmetrized star products are reducible to ordinary point-products.
First, we convert all of the symmetrized star products in our Lagrangian to ordinary point
products, and then put the model to the formalism of effective action in superspace. When
® are chiral superfields, Q?®, are also chiral superfields. Thus, the Feynman rules of
the deformed superspace are obtained exactly the same way with the ordinary case, if
we treat Q?®. as independent chiral superfields [[1], [J]. We can utilize this fact for
the diagrammatic consideration for our calculation. The evaluation of the effective action
should be performed under the superfield formalism because we consider a nonperturbative
problem, and we have to sum up a subset of Feynman diagrams of the theory. In the case
we concern in this paper, it seems difficult (or, hard) to achieve this purpose under the
component field formalism.

Now, we take a steepest descent approximation in the path integrations of the auxiliary
fields Hy, Hy, S; and S; in (B.39), regard all of the SUSY auxiliary fields as classical
constant c-numbers. We expand Lr in terms of quantum fluctuating fields ®, 4 around
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the origin &4 = &4 = 0:

Lp = Lp[Py = o, = 0] + ﬁ(g) + -, (3.40)
Py

E(g) = — d 9d 9(q>+,<1>_,<1>+,¢_)/\/l = . (341)
2 O
o_

The rules for functional derivatives of the variation of chiral and antichiral superfields

004 (2)) 1=24 / 64 (7)) 1 o8 '
_ Iy 2xF) g8, 3.42
eI WE R o
(2,2 = (y,0,0)) are still satisfied also in our case. Therefore,
L[, Bl oy 0 s [P, Bl o, g, o
L T I @13
E‘CT[@:‘:’q)i]ﬁh’i:i’i:O mﬁ’f[q):taq)ﬂ:]ah)i:@i:o
252 2\,
_ ( L Tmew (=)m 4+ 5 @”’1) B ),
(~5)[m + 51— det C(@Q*S)Q*] ®o1 ~P= @y

where, we have used the equivalent relations 62(f) = —D? /40 and §2(0) = D’ /40 inside
the integration of the action functional. The relations D?D°D? = 160D2, D°D?D° =
1600D° were also used. If we consider the case G2 # 0 with G; = 0, the off-diagonal
part of M will be replaced as —D?[im + S1] @ 01/4 — —D*/m ® o1 + S2 ® 1]/4 and
“D’lm + S — det C(Q281)Q%] ® 01/4 — —~D’[m @ o1 + (S — det C(Q25)Q?) ® 1]/4.
Except these replacements, the formulae we will obtain hereafter are essentially the same
for the G2 # 0 case. The component field expressions of the SUSY auxiliary fields are
given by

S1 = ¢s, +6°Fs,, Si=¢s, +0°Fs,. (3.44)

It should be noted that 62 (0?) acts as a (anti)chiral superfield. After putting these ex-

pressions to (B.3§) and performing the Berezinian integration, one gets

I = / d'yLr[®y = &y = 0] + T, (3.45)

I'=—iln / [d®,|[d®, |[dP_][dP_] exp [z / d'yL ) +}
= %ln DetM +--- . (3.46)

Hence, the effective action at the one-loop level is found to be

1 - 1 _
r=nN[da [—HH + —S1H,6%(0 +—5H529}
/yGlllGlll()Glll()%@;
+ lim %N d®ztr(In M)&® (2 — 2/). (3.47)
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At S =5, =0,T identically vanishes because it corresponds to a tadpole graph in the
N = 1 case. The effect of deformation contained in the operator [det C(Q%5;)]Q? has
to act in the inside of loop integrals. The evaluation of I is just to extract the D-term
contribution after some manipulations of Q,, D, and D4. We use several identities in the
integrals of the loop expansion:

1 =2 = A
1—6D2D 520 —0"6%(0 — 0)|p—pr g—g = 1, (3.48)
1_16Q25252(9 — 01520~ 0 gy = 1, (3.49)
1 . _ _ __
Q21—6D2D252(9 — 0820 — 0)g_g g5 = —40000. (3.50)
M will be divided into the following form:
M = MO - 27
D?D”
0
MO = ( 106 D2D2 ) )
16
=2
ML= i Dl(ja? 0
0 02 0 D’D? ’
16
2 _ —
> = - V SERm S en) g
—( [31 )[m+Sl—detC(Q251)Q2] ® o1 0

Thus,

I = %Tr [m(MO - z)]

%Trln/\/lo + %Trln(l - M612> = %Trln(l - /\/lalE). (3.52)

We have dropped %Tr In Mg because it does not contribute to the integral of I'. Because the
inverse matrix of chiral projectors obeys the relations M 1./\/15 1= %MO_ L My L Y] =0,
and all of the operators in M, 1 and ¥ are bosonic, the expression given above will be
converted as

Trin(l - My'S) = —Tr{/\/lglz + %M(}lEM(}lE + %MgIEM(leMglE + - }

ol (- ]|

Therefore, one gets T in the following form:

N 1 D?D
[ = lim Ntr/d4yd29d291n [1—E(m—|—51 {m + S;—det 0(@251)Q2}}16—D58( )

- dp 1 1 -
_ 4, 120 52 - 2 2
= —§Ntr/d yd-0d 9/ 2n)i 12 ln<1+ pe (m+S1){m + S1—det C(QS$1)Q }> X

D2D
16

62(0 — 0")6%(0—0"). (3.54)
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The effective potential is defined by

T -
V= 1%

[ dYy’ B JdYy
It is a quite difficult (hard) problem to evaluate T' or V exactly. Let us first consider
the small deformation limit | det C| — 0, and expand V as a power series of det C:

(3.55)

v

thr/d29d2§/ d'p 1 In{p? + (m + S1)(m + S1)}
2 (2m)4 p? P T P15

N (det O)" (M + S1)(Q%S) D21’
_nZ:: n <p2+(m+51)(m+51)Q>} 16 520 —0)5*(0—9)

= V(det C = 0) + (det C) VY + (det C)2V @ 4 ... (3.56)

It is a kind of perturbative analysis on the effect of the interaction coming from the defor-
mation. (Note that it is not a perturbative expansion in G;.) The zero-th order in det C
corresponds to the undeformed case [B3, B4]:

d P % <1 + ]%(m—l- Sy)(m + Sl)>

V(det C = 0) —Ntr / d?0d%0

- 1672 [{A2 (m+51)(m+51)}ln{A2 (m+51)(m+51)}

—(m+51)(m+51)1n(m+§1)(m+51)] B (3.57)
0606

where, a Euclidean four-dimensional cutoff A2 was introduced for the regularization of the
integral. This term is proportional to Fs, Fg, and it corresponds to a radiatively induced
Kihler potential for S; and S; which is not included in the classical £(C) or the tree-level
action I' — I'. In the expansion V = V(det C' = 0) + (det C)V) + ... given above, only
for the first term V(det C' = 0) we can utilize the method of Kéhler geometry to obtain
the component field expression of it. V(! the contribution for the first order in det C, is
found to be

(1) _ L 2 12 d'p 1 (m+51)(=1)(Q*S1) 2DD 2 27 ot
7o = Nt/d@d@/ e e N NN R

2
= 4N2 [(m + 51)%(m + 51)(Q*S1)06 ln<1 + it Slj)x(m T Sl)>]9€é§. (3.58)
This integral gives a term proportional to F gl, a new term generated by the quantum
radiative correction. In the case of the WZ model, the one-loop correction of the first-order
in det C gives the term [®Q?®]yy proportional to F? [[[1, [[J]. The second-order corrections
in our case seems to have a complicated structure if we convert it to the component field
expression, because there are insertions of the derivative operator Q? between the functions

of superfields S; and S;. However, because Q2Q2D2ﬁ252 (6)6%(0) = 0, one finds

v = —Ntr/d29d29/ d4p 1__(m+ 5@y Q* x
4p2p2+ (m+S1)(m+S)
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(M +8)(Q*S1) DD 5 oo o
P mis)misy® 16 0 W -0)0-0)

N At (m+ 51)%(Q%S1)360 (3.59)
82 [ (m+ S1){A% + (m+ S1)(m+ 51) ¥ ] g '

This integral gives the term proportional to F §1‘ We speculate these new exotic terms will
arise infinitely, and V' takes a form which has several similar features with the component
field expression of the classical-level of a generic sigma model obtained by Rittov and
Sannino [[[d]. By gathering the results of the analysis of power-series in det C, the one-loop
effective potential of the leading order of the large- /N expansion is obtained in the following
component field form:

v 1 (. - o
N = _G_1<FH1FH1 + ¢S1FH1 + ¢S1FH1 + ¢H1FS1 + ¢H1F31> (360)

+F51F51f(0)(¢51 ) &51) + (det O)Fglf(l) (¢517¢_551) + (det C)nglf(z)(¢S17¢§S1) e,

where, we have used the following functions for writing our formula compactly:

FOps,, ds,) = — 1 [ln<1+ A’ >— A ] (3.61)
TS (M + ds,)(m + ds,) ) A2+ (m+os,)(m+ds) |
_ 1 _ A2
f(l)(¢317¢S1) = _R(m+¢51)2 |:1n<1+ (T_TL—F(J_SS )(m—i—qbs ))
A2
‘A2+<m+¢3sl><m+¢sl>}’ (3.62)
D (he Goy— L m+¢sl>2A4[A2+3(m+¢sl)(m+¢s1)]
[ (@s1,ds1) = 87T2<m+¢51 AT (m 4 B9 (m + ool (3.63)

f (0)(<;551 , @5, ) is proportional to the Kihler metric which can be obtained from the Kihler
potential given in the final result of eq. (B.57). fO and fO diverge logarithmically,
while the function f®) for the second-order contribution V?) remains finite at A2 — oco:
limpz_o £ = —(m + ¢s,)?/[87%(m + ¢s,)?]. We observe the operator Q? acts on G(p?),
where,

(m + 81)(Q*81)

G(pz) = P2+ (m+ 51)(771 + Sl)7

(3.64)

in the expansion of V, and this causes the modifications of the momentum dependence of

G(p?), Q2G(p?), Q*(Q2G(p?)), ..., as follows:

Gp*) ~O0(@™?), Q°Gp*)~0(p™"), QYQ*G(P*))~0®™®), .. (3.65)

&

Therefore, the insertions of the operator Q% in V given in eq. (B.56) always lower the
orders of divergences. Hence, the one-loop contribution at the large A? region, namely
A2 > |(m + ¢s,)(m + ¢s, )|, behaves as follows:

A2
(m + ¢s,)(m + ¢s,)

- 1 _ _ n
Vi~ _W F51F51 +4F§1 detC’(m+¢S1)2} In

(3.66)
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The divergent behavior of V at A2 — oo is determined by the zeroth- and the first-order
terms of det C, the contributions higher than O(det C') become small, and the ultraviolet
divergence of V is exactly logarithmic. Again, as same as the procedure performed in the
previous subsection, we take variations with respect to the components of the classical
SUSY auxiliary fields for obtaining their Euler-Lagrange equations (coupled nonlinear gap
equations) to determine the vacuum state:

1 oV 1 -
0= Narg, = G tmtos) 0
1 0V 1 <
0= Nam;, = g Emtos),
1 oV 1
0= N@@Hl N _G_IFSN
1 oV 1 -
0=—-——=—-F
Nojw, G ¥
0= i_@V = —Lng + Fy f(o)(¢5 bs )+ 2(det C) Fg f(l)(¢5 s )
Nanl G,V 1 17 P51 1 1 PS1
+4(det C)2Fglf(2) (¢517¢_551) + e )
1 0V 1 - Y
0= N@Fsl - _G_1¢H1 +FS1f(0)(¢51’¢51) to
1 oV 1 - 9
0= — = ———Fy, + Fg, F 1) P51
N d¢s, Gy TS 8¢slf (051,65
+(det C)Fg, —f " (ds,, bs,) + (det C)*Fg, f(2 (@51, P51) + -+
a¢ s 0¢s,
1 oV _ 0
-——__ —__F Fq F
Nogs, | G mTEsEs 8¢slf (65165
—i—(det C)Fgl 8&51 ((bSla(ZESH) + (det C)2F§1 8&51 f(2) (¢S17 (551) +

Now we find that the VEV of Fs, (Fs,) is still zero because ¢y, (¢x,) only couples with
Fs, (Fs,). Each terms in V are given as factorized forms of products of powers of Fg,,
Fs, and f(¢g,,ds,) (namely, like (det C)ngfﬁ’glf(”’m), l,m,n =0,1,2,---), thus the
vacuum energy vanishes at the origin: The global minimum of V;,ee is not changed. From
this fact, the composite field ¢g, (¢s,) cannot obtain a non-zero VEV. The expansion of V
given in eq. (B.6() shows an asymmetric form in terms of the auxiliary fields Fs, and Fy,,
and the coefficient functions f) and f?) are also asymmetric with respect to ¢s, and dg,,
while f(© is symmetric. The quantum fluctuations (massive) of the composite fields might
be affected by the asymmetry of V' because the curvature tensor (corresponds to the mass
tensor of the collective fields) of V' at the global minimum might have a skew structure,
while it is not clear whether the effect of deformation enhances or reduces the amplitudes
of fluctuations around the origin of V.

We believe that the analysis of power-series expansion in det C' is useful for our qual-
itative understanding of V', though the convergence of the series might be questionable.
To go beyond the analysis of the power-series expansion of det C, we employ the following
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approximation to evaluate (B.54)). The power series of det C' of V given in eq. (B.54) is
written symbolically as

(det C)?

—tr | (det C)Q?G + TQ2GQ2G +oe (3.68)

where, a cyclic permutation of Q? inside the trace has been taken. Now, we employ the ap-
proximation where Q? acts only the nearest neighbor G in the products Q>GQ*G - - - Q*G.
Therefore, each terms will be factorized as Q*GQ*G - -- Q*G — (Q*G)™, and then it be-
comes possible to sum up the infinite-order power series. (If we take into account all of
possible operations of Q2 in Q?GQ?G - -- Q*G, integer factors determined from the num-
bers of possible insertions of Q2 should be multiplied to (det C)*(Q?G)"/n, and then it
becomes impossible to sum up the power series (B.6§) in the form of a logarithmic function
given below, eq. (B.69).) By employing this approximation, we obtain the following result:

- g _ [ dYp 1
V = —Ntr [ d%0d%6 —
2 r/ / (2m)4 p?

o (m + 51)*(QS1)?
X In [p2 T m S (m S det O e S m + 5P
—2

Here, det C enters into V in the "nonperturbative” way. At det C' = 0, this result recovers
V(det C = 0) of eq. (B-57). This result of the one-loop effective potential shows a skew
structure, i.e. the Hermiticity of V was lost by the deformation. The (anti)commutators
presented in section IT guarantee that @, never appear in the theory, and thus still N = 1/2
is maintained in the expression of the effective potential given above. If we neglect the p?-
dependence of the coefficient function of det C inside the argument of the log function,
eq.(B.69) is evaluated into the following compact form:

M] (3.70)
(m + 51)2

Vv

@ 20 120 d4pi 2 ~ &
2Ntr/d 6d 0/(271)41)2 ln[p + (m+ S1)(m+ S1) +det C
N

B 25 2
= -7 HA2 + (M + S1)(m + S1) + det (17(7(21 53)2} x

X ln{A2 + (m + S1)(m + S1) + det C%}
(Q251)2

—{(m+51)(m+51) +det0m} X

3 (@*5))”
X ln{(m +51)(m + 51) + det CWH 0000

2

N - A
_ n 2 -2 A?
—{(+ ¢s,)(m + 6g,) — 2F3, det C(m. + ¢s,) }Q(Aua)}
Fgl det C

o= (m+<§sl)(m+¢51) + m
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Here, we can check the correctness of our calculation by the examination of the mass
dimension of the result (B.7() by using ¢s, ~ [mass]' and Fs, ~ [mass]>. From the same
reason discussed in the analysis of the Euler-Lagrange equations (B.67) obtained by the
power series expansion of det C' given above, we recognize that, there is no dynamical
generation of mass in the SNJL model on N' = 1/2 deformed superspace: All of the VEVs
of ¢u,, du,, ¢s, and ¢g, are zero, and the dynamical mass generation never occurs. The
functional structure of our V' has some similarities with the component field expression of
a generic sigma model on A/ = 1/2 non(anti)commutative superspace. In a generic sigma
model, the component field expression is always given as a power series of the auxiliary
field F' and F [if]. The case we concern here is not the same with the generic sigma model,
because our V of (B.60) or (B.70) cannot be converted into a form of a sigma model of the
star products of chiral superfields, though it is the case that V will also be expanded in terms
of Fs, and Fs, (an analytic function with respect to these fields), and given in the forms
where det C' is always multiplied to Fs, directly (i.e., like the form (det C')'F, g ). Due to
this functional structure, the deformation effect vanishes at the origin Fis;, = Fi5; = 0 which
gives the variationally determined vacuum of our model, hence V restores the Hermiticity in
the vacuum state of our model. In the WZ model, the renormalization to the holomorphic
superpotential take place, while the nonrenormalization theorem still be kept in the anti-
holomorphic part. One of the origins of the differences of the effects of quantum radiative
corrections of the SNJL model compared with the WZ model is coming from the role of
the classical SUSY auxiliary fields of composites in the one-loop effective action of the
SNJL model. In the WZ model, the tree-level potential is given by classical background
(anti)chiral superfields themselves.

It was known in literature [Rd]-[BI], in the ordinary N = 1 SNJL model, the vacuum
stabilization by a dynamical mass generation can take place if N/ = 1 SUSY is broken
by adding a non-holomorphic SUSY-breaking mass term Agoft(qz_hr(m_ + ¢_¢_) for scalars.
This term gives a finite vacuum energy to the theory. The situation we have considered
here is different from that: The N' = 1 SUSY was broken to N/ = 1/2 but the vacuum
energy vanishes. The symmetric vacuum state of the theory is stable against the radiative
correction, no tachyonic mode, and thus the dynamical mass generation through the BCS-
NJL mechanism of SUSY composites does not take place. It is clear from our formulation,
the inclusion of Majorana mass by setting Go # 0 will also give the similar conclusion.

4. Concluding remarks

In summary, we have examined the nonperturbative quantum dynamics of the SNJL model
on N = 1/2 deformed superspace by evaluating the one-loop effective action in the leading-
order of the large-N expansion in the superfield formalism, which includes the infinite-order
power series of det C. We have understood the structure of the N' = 1/2 SNJL model
with the SUSY auxiliary fields, not only by the superfield formalism, but also by the
component field expression of it. We have shown that the method of SUSY auxiliary
fields of composites can be introduced to the N' = 1/2 SNJL model in the same way
with the N' = 1 ordinary case. By using the one-loop effective action, we have shown
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that the nonperturbative quantum dynamics gives infinite number of new exotic terms
they do not appear in the ordinary undeformed case of SNJL model, and the effect of the
deformation gives distortion around the global minimum of the effective potential. The
global minimum of the theory at the tree level is unchanged by the quantum correction,
and the dynamical mass generation never takes place: These new terms are not relevant
for giving the dynamical mass generation. The broken Hermiticity is restored at the global
minimum of the effective potential, and the variationally determined ground state coincides
with that of the ordinary N’ = 1 SNJL model. It is an interesting fact that the N'= 1/2
SNJL model will choose the vacuum of the N' =1 case, thus the effect of the deformation
vanishes at the vacuum state of our model: The global minimum of the N' = 1/2 SNJL
model has ”effectively” the N'=1 SUSY.

In this paper, we have introduced the N' = 1/2 deformed SNJL model with imple-
menting the star product of the (anti)chiral superfields themselves, and our calculation has
been done naively by the usual method one-loop effective potential in the N' = 1 case. One
of the important remaining issues of this work is that, whether the usual method of loop-
expansion in the ordinary A/ = 1 case is mathematically satisfactorily rigorous also in the
deformed superspace or not. In other words, it is an interesting problem for us to construct
a mathematically rigorous treatment of the method of evaluation of an effective action in
the deformed superspace. This problem might be related to the theory of superanalysis of
quantum superspace [Bq].

It is also interesting for us on the examination on the possible cooperation of the soft
mass Agoft92§2<f>i &, and the new interactions coming from the deformation of SNJL model
in dynamical mass generation. The SNJL model with a SUSY-breaking mass spontaneously
breaks the chiral symmetry, though the inclusion of the SUSY-breaking mass will make our
calculation more involved one than the results given in this paper. Another problem is the
examination on the quantum fluctuation effect of the SUSY auxiliary fields of composites, or
by taking into account the next-leading-order of the loop-expansion to obtain propagators
of the collective fields, though these examination might not alter the global minimum of
V given in this work crucially. One could observe an effect of the deformed superspace
in quantum fluctuations due to the skew structure around the global minimum of the
effective potential (from an examination on the curvature tensor = mass tensor of the
collective modes), though usually, quantum fluctuations of a theory will vanish at the
large-N limit N — oo: The effect of the deformation of superspace would be suppressed
by the (semi)classical nature of the theory.

The deformation of the superspace introduced by eq. ([.]) was found in the analy-
ses of the supergravity and superstring theories. Here, we wish to change the direction
of our consideration. One of the interesting issue for us is to apply our method to the
investigation of a nonperturbative quantum dynamics of N' = 1 four-dimensional super-
string effective theory on N = 1/2 non(anti)commutative superspace. In that issue, the
non(anti)commutation relations are required from the starting point. It is well-known
fact that, results of various compactification schemes of several superstring models share
generic features, and they are summarized in the following form, as a kind of nonlinear
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sigma model [B7, BY:

Kstring = - ln(S + S) - 3111(T + T — a'\i/\ll)
UV 1TV 2

— 4 = _ 4.1
T+T+2<T+T> * ] (4.1)
Witring = gUTU. (4.2)

:—ln(S+§)—3ln(T+T)+3[

Here, Kging is a Kéhler potential, Wiring is a holomorphic superpotential, S is a dilaton,
T is a moduli superfield, ¥ is a chiral matter multiplet as an irreducible representation of
a gauge group. If the expansion of Kii,ing is truncated at the second-order of o/, the model
has a similar structure of the SNJL model we have discussed in this paper. Thus, the
application of our method to the model given above in the case of non(anti)commutative
superspace is possible and an interesting issue. Because the Hermiticity was lost in the
deformed superspace, this fact might affect not only matter fields but also dilaton or moduli
under both classical and quantum levels, and an effective action of this model might have a
very skew structure, while the Hermiticity might be restored at the global minimum of this
model. After integrate out ¥ and ¥, an effective action will be given as a functional of S, S,
T and T (possibly in an infinite-order power series of det C' generated by a nonperturbative
quantum dynamics). Both dilaton and moduli fields are candidates of the inflaton. If a
gravitational interaction is taken into account under a suitable (consistent) way, the theory
of the model might give several exotic results or predictions to the structure of the universe,
inflation, and so forth, and the predictions might relate to cosmological observations.
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